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pH ' Abstract 

■ We classify the solutions to the equation (-A)™u = (2m - l)!e^'"" 
on E^'" giving rise to a metric g — e^"(;n2m with finite total Q-curvature 
in terms of analytic and geometric properties. The analytic conditions 
involve the growth rate of u and the asymptotic behaviour of Au{x) as 
\x\ OO. As a consequence we give a geometric characterization in terms 

■ of the scalar curvature of the metric e'^"g^2m at infinity, and we observe 
that the pull-back of this metric to 5*^™ via the stereographic projection 
can be extended to a smooth Riemannian metric if and only if it is round. 



Introduction and statement of the main the- 
orems 



, The study of the Paneitz operators has moved into the center of conformal 

' geometry in the last decades, in part with regard to the problem of prescribing 

^SJ , the Q-curvature. Given a 4-dimensional Riemannian manifold {M,g), the Q- 

' curvature and the Paneitz operator Pg have been introduced by Branson- 

! Oersted [BOj and Paneitz (Panj: 

Qt ■■= -^(A,i?,-i?^ + 3|RicJ^) 

^' Ptif) ■■= A2/ + div(^i?,5-2Ric3)d/, V/eC°°(M), 

' where Rg and RiCg denote the scalar and Ricci curvatures of g. Higher order 

^ \ Q-curvatures Q" and Paneitz operators P" have been introduced in [Braj and 

|GJMS| . Their interest lies in their covariant nature: considering in dimension 
2m the conformal metric gu '■= e^"g, we have 

9u ~ 9 ' g ~^ ~ ^gu ' ^ ' 

see for instance jChaj Chapter 4. The last identity is a generalized version of 
Gaufi's identity: in dimension 2 



-AgU + Kg = Kg„e 



2u 



where Kg is the Gaussian curvature, and is the Laplace-Beltrami operator 

'2 = -A, andQ2^X,. 



with the analysts' sign. Indeed, in dimension 2 we have P^ ~ ^^g ^-iid — K, 
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Moreover A^^ = e ^"Ag. Another interesting fact is that the total Q-curvature 
is a global conformal invariant: if M is closed and 2rn-dimensional, 



Q^^^'dvolg^ = / Q^"dvol 

M Jm 



Further evidence of the geometric relevance of the Q-curvatures is given by the 
Gauss-Bonnet-Chern's theorem }Chej : on a locally conformally flat closed mani- 
fold of dimension 2m, since Qg"^ is a multiple of the Pfaffian plus a divergence 
term (see |BGPj ). we have 

g2™dvolg = [(2m - 2y.\]'vo\iS^"'-')x{M), 

IM 

where x(Af) is the Euler-Poincare characteristic of M. 

Here we are interested in the special case when M is R^™ with the Euclidean 
metric gR2m. In this case we simply have -Pg™^ = (—A)™ and Ql"l,^ = 0. We 
consider solutions to the equation 

(-A)"u= (2m-l)!e2™" onR^"\ (2) 

satisfying J^2m e^"^"dx < oo. From the above remarks and ([T]) in particular, it 
follows that ^ has the following geometric meaning: if u solves then the 
conformal metric g := e'^"(7R2m has Q-curvature Qg™ = (2m — 1)!. As we shall 
see, every solution to Q with e^™" G LJ„^(IR2™) is smooth (Corollary El). 
Given such a solution u, define the auxiliary function 

vi.):=^^^^f loJ^^e^-^y^y, (3) 
7m Jr2™ \\x-y\J 

where j„i is defined by the following property: (— A)'"(::j^ log — Sq in M^™, 
see Proposition [22] below. Then (-A)"?; = (2m - l)!e2™". We prove 

Theorem 1 Let u be a solution of ^ with 

"^-^/^^e2'""^^^rfa:<+oo. (4) 

Then 

u{x) = v{x) +p{x), (5) 
where p is a polynomial of even degree at most 2m ~ 2, v is as in ^ and 

sup p{x) < +00, 

lim A-'v{x) = 0, j = l,...,m — 1, 

\x\ — >oc 

v{x) = — 2a log |x| + o(log |a;|), as \x\ ^ +oo. 
It is well known that the function 

2A 
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solves (HJ and (g]) with a = 1 for any X > 0, xq e M^™. We call the func- 
tions of the form © standard solutions. They all arise as pull-back under the 
stereographic projection of metrics on S*^™ which are round, i.e. conformally 
diffeomorphic to the standard metric. A. Chang and P. Yang |CY| proved that 
the round metrics are the only metrics on S"^™ having Q-curvature identically 
equal to (2m — 1)!. 

In the next theorem we give conditions under which an entire solution of 
Liouville's equation satisfying ^ is necessarily a standard solution. 

Theorem 2 Let u be a solution of ^ satisfying ^ . Then the following are 
equivalent: 

(i) u is a standard solution, 

(a) limi^i^oo Au{x) = 

(iV) limi^i^oo A^u{x) ^ for j = 1, . . . ,m - 1, 
(Hi) u{x) = o(|a;p) as \x\ —^ oo, 

(iv) degp — 0. where p is the polynomial in ([5|). 

(v) liminf|2:|^+oo -Rff„ > -oo, where gu = e'^^g^2^. 

(vi) Tr*gu can be extended to a Riemannian metric on S"^™ , where it : S"^™ —> 
M^™ is the stereographic projection. 

Moreover, if u is not a standard solution, there exist 1 < j < to — 1 and a 
constant a < such that 

A^u{x) a as \x\ +oo. (7) 

The 2-dimensional case (m = 1) of Theorem [5] was treated by W. Chen and 
C. Lin [CL] , who proved that every solution with finite total Gaussian curvature 
is a standard one. The 4-dimensional case was treated by C-S. Lin |Lin] . with a 
classification of u in terms of its growth, or of the behaviour of Au at oo. The 
classification of C-S. Lin in terms of Au was used by F. Robert and M. Struwe 
[RS] to study the blow-up behaviour of sequences of solutions Uk to 

f A^Uk = Awfee^^'^""" in f7 C 

and by A. Malchiodi [Mal| to show a compactness criterion for sequences of 
solutions Uk to the equation 

Pg'^k + Qk — hke'^^'', hk constant 

on a closed 4-manifold. The same criterion could be used in higher dimension 
in the proof of an analogous compactness result. This was observed by C. B. 
Ndiaye [Ndij , who then used a different technique to show compactness. We 
will discuss this in a forthcoming paper. 

In higher dimension (to > 2), J. Wei and X. Xu [WX| treated a special case 
of Theorem[5J if u{x) = o(|a;p) at infinity, then u is always a standard solution. 
This result is not sufficient to prove compactness. Moreover, the proof appears 
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to be overly simplified. For instance, in their Lemma 2.2 the argument for 
showing that u < C is not conclusive, and in the crucial Lemma 2.4 they simply 
refer to [Lin| for details. This latter lemma corresponds to Lemma [T51 here and 
it is the main regularity result, as it implies that u < C, hence that the volume 
of the metric e^"gR2m cannot concentrate in small balls. Its generalization is a 
major issue, because Lin's analysis is focused on the function Am, and it makes 
use of the Harnack's inequality and of the fact that A{u — v) = C. In the general 
case, Harnack's inequality does not work and there are no uniform bounds for 
A(™-2)(u - v) (while it is still true that A(™-i)(u - v) = C). To overcome this 
difficulties, we spend a few pages in the following section to study polyharmonic 
functions. As a reward we obtain a Liouville-type theorem for polyharmonic 
functions (Theorem [5]) which allows us to make the proof of [Lin' more direct 
and transparent. 

The characterization in terms of the scalar curvature at infinity is new and 
quite interesting, as it shows that non-standard solutions have a geometry essen- 
tially different from standard solutions, and it also shows that the Q-curvature 
and the scalar curvature are independent of each other in dimension 4 and 
higher. On the other hand, since in dimension 2 we have 2Qg — Rg, (v) is 
consistent with the result of [CL| . 

The characterization in (vi) implies the result of A. Chang and P. Yang [CY] 
described above, which here follows from the general case. 

The paper is organized as follows. In Section [2] we collect some relevant 
results about polyharmonic functions which will be needed later. Section [3] 
contains the proof of Theorems [T] and O at the end of the paper we give examples 
to show that the hypothesis of Theorem [2] are sharp in terms of the growth at 
infinity and of the degree of p. Recently J. C. Wei and D. Ye [WY| proved that 
already in dimension 4 there is a great abundance of non-radially symmetric 
solutions. 

In the following, the letter C denotes a generic constant, which may change 
from line to line and even within the same line. 

Aknowledgments 

1 wish to thank my advisor. Prof. M. Struwe for stimulating discussions and 
for introducing mc to this very interesting subject. I also thank my friend D. 
Saccavino for referring me to the result of Gorin, which we use in Lemma [TT] 

2 A few remarks on polyharmonic functions 

We briefly recall some properties of polyharmonic functions, which will be used 
in the sequel. For the standard elliptic estimates for the Laplace operator, we 
refer to [GT| or |GMj . The next lemma can be considered a generalized mean 
value inequality. We give the short proof for the convenience of the reader, and 
because identity (fT^ will be used in the next section. 

Lemma 3 (Pizzetti [Piz]) Let A™/i — in Bii{xo) C M", for some m,n 
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positive integers. Then 

m — l 



f 



h{z)dz = ^ c,i?2«A^/i(xo), (8) 



Br{Xq) 



where 



n (n — 2)" 



Proof. Wc can translate and assume that a;o — 0. We first prove by induction 
on m that there are constants ^q^^ . . . , h'^^-i ^^ch that 

/m— 1 
/i(z)d5 = ^ 6^^'"V2*A*;i(0), < r < i?, := B^(0). (10) 

OB. 

For m = 1 this reduces to the mean value theorem for harmonic functions. 
Assume now that the assertion has been proved up to m — 1, and that A'"/i = 0. 
Let Gr be the Green function of A™ in Br'- 

A"'Gr = Sq in Br, Gr = AG^ = . . . = A'^-^Gr = on 95,.. (11) 

For simplicity, let us only consider the case n — 2m. Then Gr{x) = Gi(^), 

Gi{x) = ao log |a;| + ai\x\'^ + ... + am-\\x^'^~'^ , 

where the constants can be computed inductively starting with ao up to am-i 
in order to satisfy (fTTj) . Notice that Gi is radial. Integrating by parts 

= / GrA'^hdx 

J Br 

= h{Q) - V / . "^ A'hdS (12) 

,^0 JdBr on 

m— 1 „ 



where each depends only on n and m. For each term on the right-hand side 
with i > 1, we can use the inductive hypothesis 



r^' j- A'hdS = r^* AJ+'/i(0), < i < m - 1, 

dBr ■'=° 

and substituting we obtain ()10|) . To conclude the induction it is enough to 
multiply (jlOp by r"~^, integrate with respect to r from to i? and divide by 

To compute the q's, we test with the functions h{x) — r^* := |a;p% i > 1 (for 
the case i — Q use the function /i(a;) = 1). Since Ar^* = 2i(2i + n — 2)r^*~^, we 
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have that A^h{0) = for fc ^ i and A'h{0) = ^^'^'[L^ltj^r^^" ■ Hence Pizzetti's 
formula reduces to 

^^^,.(2.)M(2. + . 2)!! r^,^^^ . 



(n-2)!! J n + 2i 

Br 

whence ©. □ 
Remark. From (|12p . moreover, for an arbitrary C^^-function u it foUows that 



/m — 1 
u(z)dz = c^R^'^'u{xo) + c„i?2mA™u(e), (13) 

Br{xo) 

for some ^ G i?i?,(xo). • 

Proposition 4 Lei A™/! = m i?4 C M". For ewery < a < 1, p G [1, oo) 

and fc > t/iere are constants C{k,p), C{k, a) independent of h such that 

IMw-PiBi) < C:{k,p)\\h\\Li(Bi) 

I|/i||c'=.°(i3i) < C{k,a)\\h\\L^Bi). 

The proof of Proposition |3] is given in the appendix. As a consequence 
of Proposition [H and Pizzetti's formula we have the following Liouville-type 
theorem, compare jARS] . 

Theorem 5 Consider h : R" R with A™/i = and h{x) < C(l + \x\'^), for 
some £ > 2m — 2. Then h{x) is a polynomial of degree at most £. 

Proof. Thanks to Proposition 21 we have for any x G R" 

\D'+'hix)\ < j \hiy)\dy^-j^ j h{y)dy+0{R-'), as i? ^ ^. 



Br(x) Br{x) 

On the other hand, Pizzetti's formula implies that 



(14) 



/ h{y)dy = Y c^R^'^'H^) = 0(i?2"-2^, 

Br{x) 

and letting R — > oo, we obtain D^^^h = 0. □ 
A variant of the above theorem, which will be used later is the following 

Theorem 6 Consider h : R" R with A™/i = and h{x) < u — v, where 
eP" G Li(R") for some p > 0, v e iioc(K") and -v{x) < C(log(l + |a;|) + 1). 
Then h is a polynomial of degree at most 2m — 2. 
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Proof. The only thing to change in the proof of Theorem [5l is the estimate of 
the term j^^^-i j'Bf,{x) ^^^V^ corresponding to the 0{R^^) in (fH)) . We have 

-f h+dy < j u+dy + C j log(l + |y|)dy + C 

Br{x) Br{x) Br(x) 

< - -f eP^'dy + ClogR + C, 
P J 

Br(x) 

and all terms go to when divided by i?^™^^ and for R ^ oo. □ 

The following estimate has been obtained by Brezis and Merle jBMj in di- 
mension 2 and by C.S. Lin |Lin| and J. Wei |Wei| in dimension 4. Notice that 
the constant 7m, defined by the relation 

(see Proposition 1221 in the appendix), plays an important role. 
Theorem 7 Let f G L^{Bji(xo)) and let v solve 

r (-A)™w = / in Br{xo) C M^™^ 

\ v = Av = ... = A™-iw = on dBR{xo). 

Then, for any p G (^0, ^"^ ^, we have e^^P'"' G L^{Bii{xo)) and 

[ e^^Pl^lrfo; < C{p)R^"', 
Jbr(xo) 



where 7„i is given by 
Proof. We can assume xq = and, up to rescahng, that ||/||Li(_Bn) = 1- Define 



i)2m 



1 f '2R 

^(^)-=— / log r—T 1/(2/) My, 
7m jbr f ~ y\ 

Extend / to be zero outside Bji{xa)\ then 

(-A)™w=|/| inM^m. 

We claim that w > \v\ in Br. Indeed by (|49p and from — y| < 2R for 
x,y G Bfi, we immediately see that 

{-Ayw>0, i = 0,1,2,... 

In particular the function z := w — v satisfies 

(-A)™z > in Br 

(-Apz > on dBji for < j < m - 1. 

By Proposition [211 (— A)-'z > in B^, < j < m ~ 1 and the case j = 
corresponds w > v. Working also with —v we complete the proof of our claim. 



7 



Now it suffices to show that for p G (0, 7„i) we have lle^™''"'||ii(BH) < 
C{p)R^"\ By Jensen's inequahty we have 



< [ [ \fiy)\e^^°'^T^dydx 

^ Br J Br 

277^p 

\.fiy)\( f (T:^y'"dxyy 



On the other hand 



2mp 2-mp 

2R \~ , f f2R\ , 

ax < [ - — r ax 



Ba JBa V Fl 

R 



We then conclude 



= LU2m I r {2R) dr 

JO 

= UJ2m R 2 ^m . 

2m7m — 2mp 



e^^P^dx < 

7m -P 



□ 



Corollary 8 Every solution u to ^ with e^™" G Ll^^{R'^"^) is smooth. 
Proof. Given Bi{xo) C M^", write (2m - l)!e^"'' | ^j^j^^^^ /i + /2 with 

II/i||l1(B4(xo)) < 7m, /2 e L'^{Bi{xo)), 

and u = iti + U2 + U3, with 

(-A)™u, = /, in ^4(0:0) 

Ui — Aui = . . . = A™^^Ui = on dB4{xQ) 

for i = 1,2, and A^ug = 0. Then, by Theorem H e^™"! G Lp(S4(2;o)) for 
some p > 1, while, by standard elliptic estimates U2 G L°°{B4{xo)) and U3 
is smooth, hence U3 G L°°(i33(a;o))- Then e^"" G LP{B3{xo)). Write now 
"Ib3(.o) =''1+^2, where 

{~A)"^vi = (2m - l)!e2'"" in 53(2:0) 
t)i = Awi = . . . = A™-ii;i = onaB3(a;o) 

and A™ti2 = 0. Then, by L^'-estimates and Sobolev's embedding theorem, 
vi G W^"''P{B3{xo)) ^ C°'"{B3{xo)) for some < a < 1, while V2 is smooth. 
Then u G C^ "{B2{xo)) and with the same procedure of writing u as the sum of 
a polyharmonic (hence smooth) function plus a function with vanishing Navier 
boundary condition, we can bootstrap and use Schauder's estimate to prove 
that u G C°°(Si(xo)). □ 
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3 Proof of Theorems [T] and [2] 

The proof of Theorems [T] and [5] will be divided into several lemmas. It consists 
of a careful study of the functions v, defined in ([3]), and u ~ v. In what follows 
the generic constant C may depend also on u. 

Remark. In general v ^ u, even if m is a standard solution. To see that, rescale 
M by a factor r > as follows: 

u{x) :— u{rx) + logr. 

Then u is again a solution, with the same energy. On the other hand the 
corresponding v satisfies 

^ (2m-l)! r ^ (Jyl_\^2„Mry),2n.^y 



(2m- 1)! 



log 



7m 

That shows that after rescaling, u — v changes by a contant. • 

Lemma 9 Let u be a solution of 0, Then, for \x\ > 4, 

> -2alog|x| +C. (16) 



Proof. The proof is similar to that in dimension 4, compare |Lin| . Fix x with 
I a; I > 4, and decompose R^™ = Ai U A2 U B2, where B2 = ^2(0) and 

Ai := B|,|/2(x), A2 := M2'"\(Ai U B2). 

For y G Ai we have 

\y\>\x\~\x-y\> — >\x~yl log — — - > 0, 
z \x y\ 

hence 

/ l0g^Le2m«(y)^ >Q (-^7) 

For y G A2, since |a;|, |y| > 2, we have 

\x-y\<\x\ + \y\<\x\\yl log^L>log^, 

\x-y\ \x\ 

hence 

/ log— ^e2"™(«)dy > -logl^l / e2""(2')d?/. (18) 

Ja2 F - y| 

For y E B2, log |x — j/| < log + C and, since u is smooth, we find 

/ log— t^e2™'(2')dy > /" log|y|e2'""('')dy-log|x| / e^^dy 



> -log|a;| / e^^^rfy + a (19) 

'b2 
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Putting together p7)) . and and observing that log ^ < 0, we conclude 
that 

> (^!^/ logf^)e-»(^)dy 



(2m - 1 



> -^^^^^^^ ^log|x| / e^™'dy + C 

7m JA2UB2 

(2m-l)!|^2m| 

> — ^alog|x|+C. 

7m 

Finally, observing that {2m — 2)!! = 2'"~^(m — 1)!, we infer 
{2m - (2m - l)!2(27r)"(2m - 2)!! 



7„ (2m-l)!!23"-2[(m-l)!]27r'= 



□ 



Lemma 10 Let u be a solution of ^ and iQ, with m >2. Then u = v + p, 
where p is a polynomial of degree at most 2m — 2. Moreover 

A^u{x) = A^v{x)+pj 

^ 2^^ {j^ mm -1)1 r e2-(^) 

' ^ ' {m-j-iy.\S^^\ \x-y\^ry+P^^ 

where pj is a polynomial of degree at most 2{m — 1 ~ j). 

Proof. Let p := u — v. Then A™p = 0. By Lemma [5] we have 

p{x) < u{x) + 2a log I a; I + C, 

and Theorem [6] implies that p is a polynomial of degree at most 2m — 2. To 
compute A^v, one can use and the definition of 7™. □ 

Lemma 11 Let p be the polynomial of Lemma \l(A Then 



In particular deg p is even. 
Proof. Define 



sup p{x) < +00. 



f{r) := supp. 



If sup][j2m p = +00, there exists s > such that 

f(r) 

lim ^ = +00, (20) 

r — ^+00 7"^ 

see |Gorl Theorem 3.1]13 Moreover |Vp(x)| < C\x\'^"'^~^ hence, also taking into 
account Lemma [51 there is i? > such that for every r > R, we can find Xr 
with \xr \ = r such that 

u{y) = v{y) +p{y) > r" for \y - Xr\ < -i^^;^- 



^The statement of Theorem 3.1 in [Gorj is about /^(r) := infgg^ |p|, but the proof works 
in our case too. 
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Then, using Fubini's theorem, 

r+oo 



Ir JdB,.(n)r\B^3-2^(xr) 



^ ^ 1"^°° exp(2mr'') ^ 

> C —- rTTT^ T^dr = +00, 

— ^(2m-3)(2m-l) 

contradicting the hypothesis e^™" G ^^(M^'"). □ 
The foUowing lemma will be used in the proof of Lemma 1131 

Lemma 12 Let G — G(|a::|) be the Green's function for A™ in Bi C M" for n, 
m given positive integers. Then there are constants Ci depending on m and n 
such that for \x\ = I, and < i < m — I, 

(-ir ''^"X'^w =c.>o. 

Proof. Since G = G{\x\), we only need to show that q > 0. Fix i and let h solve 

A"'h = in Bi 

{-Ayh = -1 on dBi 

(-Ap/i = on dBi for < j < m - 1, j ^ «• 
By Proposition [211 h{0) < 0, hence implies 

71-1 

dr 



< -h{0) = (-1)' / -dS = 



dBi 



□ 



R be defined as in Then 
lim A™-^w(a;) = 0, j = l,...,m-l (21) 

\x\ — >oo 

and for any e > there is R > such that for |x| > i? 

v{x) < {~2a + e)log\x\. (22) 
Proof. We proceed by steps. 

Step 1. For any e > there is i? > such that for |a;l > R 

vix) <(-2a+^) log \x\ - f log - y\e'"^<yUy, (23) 

where t G (0, 1) will be fixed later. The simple proof of ([25]) is very similar to 
the proof of Lemma [9] (see [Linl Pag. 213]), and it is omitted. Notice that the 
second term on the right-hand side may be very large. Together with Fubini's 
theorem, ([53]) implies 



/ v+dx < G f I x|.-,|<rlog^^e2™(y)d2/da: 

JVL^"^\Ba(0) "'R^™ "'R^™ F - y\ 

= G f e^™"^'') / \og-^—dxdy 

jR^- Jbav) \^-y\ 



< G / e2™"(y)dy < G. (24) 
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Step 2. From now on, x will be a point in K.^™ with > R, where R is as in 
Step 1. Fix p > I such that p(2m - 2) < 2m, and p' = By Theorem [3 

there is 5 > such that if 



'Irau 



e 



dy < 5, (25) 



then 

/ e^^P'l^ldy < C, (26) 
with C independent of a;, where z solves 

(-A)'"z = {2m ~ l)!e2™« in ^4(2;) 

z — on dBi{x) ioY Q < j <m — 1. 

We now choose i? > such that ([^5]) is satisfied whenever > i?, and claim 
that for such x, 

g2mp'«^y < C /" e2™f''^'dy < Ce. (27) 

5^(2;) J B^(x) 



We now observe that for any cr > 0, 

2mM(jf) 



-dy ^0 as |a;| — * cxo (28) 



-\B^{x) k-yP^' 

by dominated convergence; by Holder's inequality and (|27p . if cr is small enough, 
, ^^dy <{ I e2™p'"d2/) ( ( ^-dy) <CeV. 

B^{x)\X-y?^ KJbA'x) ) \Jb^{x)V-V?^^ ) 

Therefore 



{-Ayv{x) = C \ —dy ^ 0, as |x| ^ 00. 

Finally ([22]) follows from ([231), (l27| and Holder's inequality. 
S'iep 3. It remains to prove (P7|) . Set /i := v — 0, so that 

A™/i = in B4(x) 

A-^Ti = A-^w on 9^4(0;) for < j < TO - 1, 
Integrating (— A)™v = (2to — l)!e^'"" and then integrating by parts we get 

(-1)™ / ^{ISr-^v)dS = (2m - 1)! / e^^^dy. 
Dividing by 0^2™/?^™^^, integrating on [0, i?] and using Fubini's, we find 

[ j i^^"^''''^'^'"^^^ C / |:(^""'^('°'^))^^'^'^ 

dBpix) dBi(x) 

^ i I ^(^"~^^('^'^))^'°^^ = / A"-ivda - A"-iw(x). 

9-81(2;) ° OBaix) 
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Similarly 



P 



2m -1 



P 



2m-l 



^2mu(y) 



o2mu(y) 



Br{x) 
1 



Br{x) 

1 



X\x-y\<pdydp 



„2m- 



—dpdy 



x-y\ 



{2m - 2) Jb^Xx) 



1 



\x - ?/p 



Hence, multiplying above by 



(2m-l)! 



and setting C„ 



_ (2m-l)! 
(2m-2)w2m ' 



j (-A)™-i 



f da 



(-A)"-iw(a;) 



1 



1 



c, 



m — 1 



'|2^-al>-R 1^^ - V\ 
which implies at once, setting R — A, 



g2mji(K) 

dy 



2m-2 



e——(y'>dy 

g2mji(y) 



i?2m-2 



< C, 

dBiix) 

with C independent of x. Similarly, one can show that 



vdS<C, l<i<m-l. 



dy 



(29) 



(30) 



dBiix) 



By LemmafT^and by (fT^ rescaled and translated to -84(0;) and with the function 
— A/i instead of /i, m — 1 instead of to, we obtain 



m-2 



- Ah{x) 



E 



9A" 



Q J dBi(x) 



dn 



A'{Ah)dS 



(31) 



m— 1 „ 

V / c,^i{-Ayhds <c, 

JdBAx) 



where G is the Green function for A™^^ on ,64 (x): 

A^^^G = 4, A'G = 0, on dB^{x), for < i < to - 2. 

On the other hand, since the c,; > 0, there is some t > such that the following 
holds: if C £ B2t{x) and G^ is the Green's function defined by 



A^-^G^ = (5^, A'G^ = 0, on dBi{x), for < i < to - 2, 



then also 



0<(-l)^^^^^^^^^<G, for , E aB4(x), . 
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Therefore, as in ([51]) . we infer 

-Ah<C onB2r{x), (32) 

for some r G (0, 2). 

On the other hand, thanks to (1^1) and 



[ h+dy < [ {v+ + \z\)dy < C. 



By elhptic estimates, 

sup ft, < 4 h+dy + C sup (~A/i) < C, 

Bi(x) 

C independent of x, as usual. Since the polynomial p is bounded from above, 
we infer 

u<h+p+\z\< C +\z\, 
and (j27p follows at once. □ 



Corollary 14 ^n?/ solution u of @ is bounded from above. 
Proof. Indeed u is continuous, u — v + p, and 

lim v{x) — — oo, sup p{x) < +oo, 

by Lemma [TT] □ 

Lemma 15 Assume that \u{x)\ — o(|a;p) as \x\ —> oo. Then u = v + C. 
Furthermore, for any £ > there exists R > such that 

-2alog|x| - C < u{x) < (-2a + £)log|x|, (33) 

for \x\ > R. 

Proof. Since v{x) = — 2alog|x| + o(log|a;|) at oo, if degp > 2, we have that 
u{x) = v{x) +p{x) cannot be o(|a;|^). Hence, knowing that degp is even, we get 
u = V + C for some constant C. Then follows at once from Lemma [Hand 
Lemma [131 D 

Lemma 16 Set — e'^^g-g2m. If u is a standard solution, then 

Rg^ EE 2m(2m - 1). 
// u is not a standard solution, then 

liminf Rg^{x) — — oo. (34) 

\x\ — > + oo 
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Proof. Assume that m is a standard solution and set 

2A 

ux{x) := log YTA2|^' e^"^gR2™. (35) 

Then, up to translation, u — u\ for some A > 0. Since gi — {Tr~^)* gg2m ^ where 
TT is the stereographic projection, we have Rg-^ = 2m(2m — 1). Then consider 
the diffeomorphism of E^™ defined by f\{x) :— Xx. Then gx — ^*x9i, hence 
Rg^ = Rg^ o ipx = 2m{2m — 1). 

Assume now that u = v + p is not a standard solution. Since ^k^™ is flat, 
the formula for the conformal change of scalar curvature, in the case to > 1, 
reduces to 

= -2(2to- l)e"2"(Au+ (to - l)|Vun, (36) 

see for instance jSY| pag 184. Then differentiating the expression ([3|) for v and 
using that u < C, we find that |V'i;(x)| — > as |a;| — * oo. We have already seen 
that Av{x) ^ as |a;| — > oo; since degp > 2 implies 

degAp < deg|Vpp, 

we then have 

limsup (Au + (to - l)|Vup j = limsup [ Ap + (m - l)|Vpp j = +oo. 

\x\ — ^oo \x\ — ^oo 

Observing that e^^" > ^ > 0, it being bounded from above, we easily obtain 

(IMl). □ 

Proof of Theorem [3 Put together Lemmas H EUl E] and [T31 □ 

Proof of Theorem \^ (i) => (iii) is obvious, while (iii) => (i) follows from the 
argument of [WX . 

(iii) (iv) follows from Theorem [T] 

(iv) =^ (ii') ^ (ii). Assume that degp — 0. Then by Theorem [H 

lim A^u{x) = lim A-'p(.t) =0, 1 < J < to — 1. 

\x\ — *oo \x\ — >\oo 

(ii) (iv) . By Theorem [1] supR2m p < oo and 

lim Ap{x) — lim Au = 0, 

\x\ — ^oo \x\ — >oo 

hence Ap = and, by Liouville's theorem, p is constant, 
(i) <^ (v) follows from Lemma [TBI 

(i) ^ (vi) Given a conformal diffeomorphism (p of M'^™, ip tt^^ o ip o tt is a 
conformal diffeomorphism of S"^™ . Any metric of the form g^ ~ e^" (7R2m , with 
u standard solution of can be easily written as (p*gi, for some conformal 
diffeomorphism ip of R^™, where gi is as in l|35p . Then 

7r*gu = TT*p*gi ^ {ipo 7r)*.gi = (tt o ip^gi = ip*TT*gi = p*gs^, 
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and clearly (p*gs^ is a smooth Riemannian metric on S*^™. 

(vi) =^ (i). Assume u is non-standard. Then u = v + p, degp > 2. Considering 
that supjj2,n p < +00, we infer that p goes to —00 at least quadratically in some 
directions. Let 5 = (0, ... , 0, 1) G be the South Pole, and 

1 + ?2m+l 

be the stereographic projection from S. Then 

4 



and 

2u 

^*5« = Pi55-, Pi — o7reC°°(52"\{5}). 
Pq 

Since e^"^^^ ^ more rapidly than \x\^^ in some directions, we have 
liminf pi{S,) = liminf — — — - ~ 0, 

C-*S " \x\^oo Pq[X) 

hence pigg2m does not extend to a Riemannian metric on S"^™. 

To prove ([7|), let j be the largest integer such that A-'p ^ 0. Then A-'+-^p = 
and from Theorem [HI we infer that degp < 2j. In fact degp — 2j and A-'p = 
Co 7^ 0. From Pizzetti's formula pU|) . we have 



2m^6ii?2^A>(0) = -f 2mpdS 



Exponentiating and using Jensen's inequality and Lemma [HI we infer 
exp(2m^&,i?2»A>(0)) < J e'^"'PdS < CR'^""^ j e^'^'^dS, 

dBR OBr 

for i? > 4. Therefore 

j 

ip{R) := i?-4™"+2m-i (^2m^ 6,i?2»A>(0)) £ ^^([4, +cx))), 
and this is not possible if Co = A-'p > 0, hence Co < 0. 



□ 



4 Examples 

Following an argument of [CCj , we now see that solutions of the kind v + p 
actually exist, even among radially symmetric functions, with degp = 2m — 2, 
and with degp = 2. For simplicity, we only treat the case when m is even; if m 
is odd, the proof is similar. We need the following lemma. 
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Lemma 17 Let u{r) be a smooth radially symmetric function on M", n > 1. 
Then for m > we have 

where the ct's are the constants in Pizzetti's formula, and u^^™^ := g^^m ■ Ifi 
particular A™u(0) has the sign o/ ^'■^'"■'(O). 



Proof. We first prove that 



Bfl(O) 

Then, observing that 



1 f „2m 

(0) = ^ / (^^^^"^0)^- (38) 



J (2to)! (n + 2m)(2TO)!' 

-Br(O) 



dx^ , , , (39) 



([37]) foUows at once. We prove ([38|) by induction. The case m = reduces to 
m(0) = u(0). Let us now assume that ([55]) has been proven for i = 0, . . . , m — 1 
and let us prove it for m. Since u is smooth, we have u'-*'(0) = for any odd i, 
hence Taylor's formula reduces to 



We now divide by i?^™ in take the limit as i? and, observing that 

A™+^u(^) remains bounded as i? — > 0, we find 



lim^ ^ = c„A".(0). 

Substituting Taylor's formula and using the inductive hypothesis, we see that 
most of the terms on the left-hand side cancel out (before taking the limit) and 
we are left with 



B 



Finally, to deduce observe that, /^^(o) o(?'^'""'"^)c?x — > as ^ 0, 

while -^T^ j-g^ - — (2m)! dx does not depend on R thanks to p9|) . □ 

Proposition 18 For every m > 2 even, there exists a radially symmetric func- 
tion u solving (g]) with u{x) = -C|a;|2™-2 + 0(|a;|2™-4). 

Proo/. Set Wo = log jq^. Then A^wq = (2m - l)!e2™'"°. Define u = u{r) to 
be the unique solution to the following ODE 

f A"ii = (2m - l)!e2™« 
m(0) = log 2 

M(2i+i)(0) = j = 0, ...,m-l 

(0) = a J < w^Q^^ (0) j = 1, . . . , m - 2 
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where the a^'s are fixed. We shah first see that wq > u. Set g := wq — u. Then 
g{r) > for r > smah enough, hence also A^g > for smaU r > 0. From 
Lemma [T71 we get 

A^g(O) > 0, j = 1, . . . , m - 2; A™"\g(0) > 0. (40) 

We can prove inductively that A™~-'g > 0, j = 0, . . . , to — 1 as long as g{r) > 0. 
Indeed 

dA^-^g 



A^gdx= / — TT-^da, (41) 

hence, as long as g{r) > 0, we have ^^g^ ^ > 0, in particular §f > 0, hence 
g{r) > for all r > for which it is defined. From ([^0]) and (|4ip we inductively 
infer 

A™-^g(r) > Cr2J-2, 
and, since Awo(r) ^ as r — * oo, there is > such that 

Au < -Cr2"-4, for r > tq, 
integrating which, we find 

u{r) < -C'r^'"-^ for r > tq. (42) 
To estimate u from below, we use the function 

wi{r) = log 2 - Cir^ - ... - Cn-^'^-^ 
where the constants Ci are chosen so that 

A^u{0) > A^wi{0). 

Then we can proceed as above to prove that u ~ wi > 0. Hence the solution 
exists for all times and, thanks to (|^^ and Theorem [1] it has the asymptotic 
behaviour 

u{r) = -Cr^'"-^ _^ o(j.2m-4)_ 

□ 

Remark. Observe the abundance of solutions: we can choose the (to — l)-tuple 



pm — 1 



of initial data (ai, . . . , am-i) in a set containing an open subset of . 

In the next example we show a radially symmetric solution in R^™, to > 4 
even, of the form u = v + p, with degp = 2, thus showing that the hypothesis 
u(x) = o{\x\'^) as |x| — > cx) in Theorem[2]is sharp. 

Proposition 19 Let 'WQ{r) := log and let u — u{r) (r = \x\, x G M^'" and 
TO even) solve the following ODE: 

' A'"u= (2TO-l)!e2™" 
u(0) = log 2 

u(2j+i)(0) = j = 0, ...,TO-1 

u(2j) (0) = w^Q^^ (0) j = 2, 3, . . . , TO - 1 
I ii"(0) = <(0)-l. 

T/ien u(r) is defined for all r > and u{r) = —Cr^ + o(r^) as r ^ +oo. 
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Proof. As in the proof of Proposition [THl we can show that g := wq — u > and 
u{r) < —Cr^. To control u from below, we use the function = wa(r) — r^, 

so that redefining g :— u — wi, we have 

g"(0) = l, 5(^H0) = 0, j = 0,l,3,4,...,2m-l. 

and we can prove that g > as before. Hence u{r) exists for all r > 0, it is 
non-standard and u{r) — —Cr^ + 0(r*) at oo, as wi bounds it from below. □ 

Remark. Using (|36p . we can easily compute that in the above examples 

lim Rg{x) —oo, 

\x\ — >oc 



where g = e2"gjj2™ . • 

Appendix 

We prove here a few results used above. 
Lemma 20 Assume that u : B4 ^ R satisfies 

for some p G {1, 00). Then 

\\u\\^rk+2,p(^Bl) < C- 

Proof. By Fubini's theorem we can choose r > with 2 < r < 4 such that 

\\u\\mdB^) < c||u||li(B4)- 

Let's now write u — ui + U2, where 

Aui = in Br ( Au2 = Au in Br 

ui — u on dBr \ U2 = on dBr 

By standard L^-estimates we have ||'U2||vf'«+2.p(b^) < C"!! Aujl^yfc.pj-^ ). From the 
representation formula of Poisson 



= / ui{y)T{x -y)dS{y), 

JdBr 

we obtain ||ui||cfc(Bi) < Ck\\ui\\Li{aB,^) for every fc > . □ 

Proof of Proposition^ Let < C, and let us assume n > 2. We 

proceed by steps. 

Step 1. We show by induction on j that 

||A™-^7i|U»(s.) < C. (43) 
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The step j = is obvious, as A™/i = 0. Let us prove the step j > 1. Let 
n ( ^ 1/1 1 

G2r{x) : = 



(2 - Vkl""^ (2r)"-2 

be the Green function for the Laplace operator on i?2r with singularity at 0. 
Then 

A'"~^/i(0) = / IV'-^hdx + [ G2rA"'-^+^hdx. 

J J B2r 

9-B2r 

By inductive hypothesis and the scaling property of 6*2^ the last term is 
bounded by Cr^, hence 



dB2 



and integrating with respect to r on [1/2, 1], we obtain 

A"-^7i(0) < -j^A"'-^hdx + C. (44) 

B2 

To estimate -f^^ A"^~^hdx, we use Pizzetti's formula for h ai x ^ B2, 



I 1 1 J J- III „ 

Cm-jA'^~^Kx) = - c^A'h{x) - c,A'h{x) + f 



hdy 



■' Bi{x) 



by the inductive hypothesis again, and the i^-bound on h and get 

c„_jA™-J/i(x) < - J2 c,A'h{x) + C. (45) 

1=0 

Averaging in (|45p over B2 and using , we find 

Cm^jA"'-^h{0) <- J2 -fA'h{x)dx\ +C. 



and its scaled version 



c™_jA™-^7i(0) < - J2 (c,?-^^'""+^' / A^/i(a;)da;') +Cr2(J-"). (46) 

Consider now a non-negative function tp G C^((l,2)), with ip{r)dr = 1. 
From (jlS]) . we find 
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Each term in the sum on the right-hand side can be written as 



< C 



dB2r- 

ov 



-dSip{r)dr 



B2\Bi 



= C 

< c 



B2\Bi 



\h{x)\ 



AA'-i(r2(*-™+j)-V(|a;|)) 



dx 



j\h{x)\di 



Working with —h and observing the local character of the above estimates, we 
obtain (l43l) . 

Step 2. Fix £> m. We can prove inductively that 

\\A'-^h\\w^,.,^B2) < C{p). 

The step j = is obvious, as A^/i = 0. For the inductive step, we see that by 
Lemma [50] applied to A^~^h (and a simple covering argument to fix the radii), 
we have 

\\A'-^h\\w2,.,^B^) < C\\A{A'-^h)\\w2,-2.,^B2)+C\\A'-^hU^^B2) < C, 

" v ' 

<C by step 1 

for every 1 < p < oo, and the usual covering argument extends the estimate 
to i?2- Therefore ||^||iy2'.p(Si) < C{p,£), and we conclude applying Sobolev's 
theorem. □ 



Proposition 21 Let u e C'^'"^{Bi) such that 
(-A)™w < Ci m Bi 



{-AYu < Ci on dBi for < j < m - 1 
Then there exists a constant C independent of u such that 



u < C in Bi. 



If Ci =0 in ()47p . then u < in Bi, unless u = 0. 

Proof. By induction on m. The case m = 1 follows from the maximum principle, 
applied to the function v{x) := u{x) — C\x\'^ , which is subharmonic for C large 
enough. Assume now that the case m — 1 has been dealt with and let us consider 
u satisfying (|47|) . Then v := —Au satisfies w < C in Bi by inductive hypothesis. 
Applying the case m = 1 again we conclude. Similarly if Ci — 0. □ 

Proposition 22 (Fundamental solution) For m > 1, set 

7„ :=c^2,n22"-2[(m-l)!]2, (48) 
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where uj2m '■= \S'^"^ ^| = j^zwr- Then the function 



(2m-2)!! ■ 

K{x) := — log 7^ 

7m \x\ 

is a fundamental solution of (-A)'" in E^™, i.e. {-A)"^K = Sq. 

Proof. The case m = 1 is well-known, so we shall assume m > 2. Set r := |a;|. 
For radial functions we have A = ^ + hence for j > 1 

, , 1 2(m - 1) ,1 47(m - 1 - j) 

-Al0g- = -^^ ^, -A 7 = — : —. 

Then 

^ ^ (m-i-1)! r^J ^ 

(-Ar-ilogl = 2^"^-^{m-2)\{m-l)l^;^. (50) 

Given a function (p e C^(M^™), we can apply the usual procedure of integrating 
by parts in ]R2m\B^(o) using 

lim / \D''K\dS = 0, < k < 2m - 2, 

to obtain 

d{-A)"^-'^K 



[ {-A)"'ipKdx = lim / _^ ^( Ar 

-j- ipdS^ip{0). 



dS 



□ 
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